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Abstract 

Let H be an edge colored hypergraph. We say that H contains a rainbow copy of a hypergraph 
S if it contains an isomorphic copy of S with all edges of distinct colors. 

We consider the following setting. A randomly edge colored random hypergraph H ~ 'H*(n,p) 
is obtained by adding each fc-subset of [n] with probability p, and assigning it a color from [c] 
uniformly, independently at random. 

As a first result we show that a typical H ~ TL^.(n,p) (that is, a random edge colored graph) 
contains a rainbow Hamilton cycle, provided that c = (l + o(l))n andp = lo s"+ 1 °g|°g n +^( 1 ) _ This 
is asymptotically best possible with respect to both parameters, and improves a result of Frieze 
and Loh. 

Secondly, based on an ingenious coupling idea of McDiarmid, we provide a general tool for tack¬ 
ling problems related to finding “nicely edge colored” structures in random graphs/hypergraphs. 
We illustrate the generality of this statement by presenting two interesting applications. In one 
application we show that a typical H ~ / H^(n,p) contains a rainbow copy of a hypergraph S, 
provided that c = (1 + o(l))|-E(£)| and p is (up to a multiplicative constant) a threshold function 
for the property of containment of a copy of S. In the second application we show that a typical 
G ~ T-Lc{n,p) contains (1 — o(l))np/2 edge disjoint Hamilton cycles, each of which is rainbow, 
provided that c = w(n) and p = ui (log n/n). 


1 Introduction 

We consider the following model of edge-colored random fc-uniform hypergraphs. Let p E [0,1] 
and let c be a positive integer. Then we define 7i^(n,p) to be the probability space of edge-colored 
L-uniform hypergraphs with vertex set [re] := {l,...,n}, obtained by first choosing each fc-tuple 
e E (^) to be an edge independently with probability p and then by coloring each chosen edge 
independently and uniformly at random with a color from the set [c]. For example, the case k = 2 
reduces to the standard binomial graph Q(n,p ), whose edges are colored at random in c colors. In the 
special case where c = 1, we write 7i k (n,p) := 7i^(n,p), and observe that this is just the standard 
binomial random hypergraph model. For H ~ T-L^(n,p) and a hypergraph S, we say that H contains 
a rainbow copy of S if H contains an isomorphic copy of S with all edges in distinct colors. A frequent 
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theme in recent research is to determine the conditions on p and c under which a random hypergraph 
H ~ contains, with high probability (w.h.p.), a rainbow copy of a given hypergraph S. 

Let us first discuss the case k = 2 of binomial random graphs. Perhaps two of the most natural 
properties to address are when S' is a perfect matching or S is a Hamilton cycle. Note that in 
these cases we need c > n/2 and c > n, respectively. Moreover, it is well known (see e.g., |6]) 
that a perfect matching (respectively a Hamilton cycle) starts to appear in a typical G G(n,p) 
whenever p = 1 °g n + CJ ( 1 ) (respectively, p = log »+iogiogn+o;(i) ^ an( j therefore we can restrict ourselves 
to these regimes. In [7], Cooper and Frieze showed that for p ~ 421ogn/n and c = 21n, a graph 
G ~ G c {n,p) typically contains a rainbow Hamilton cycle. Later on, Frieze and Loh pH] improved 
this to p = log> ' and c = (1 + o(l))n, which is asymptotically optimal with respect to both 

of the parameters p and c. Recently, Bal and Frieze |3j obtained the optimal c by showing that 
for p = w(logn/n) and c = n/2 (respectively c = n), a graph G ~ G c (n,p) w.h.p. contains a 
rainbow perfect matching (respectively a rainbow Hamilton cycle). For general graphs, Ferber, 
Nenadov and Peter m showed that for every graph S on n vertices with maximum degree A (S) 
and for c = (1 + o(l))e(5), a typical G ~ Q c [n,p) contains a rainbow copy of S, provided that 
p = n _1 / A(,s ^polylog(n) (here, as elsewhere, e(S ) denotes the number of edges in S). In this case, 
the number of colors c is asymptotically optimal, whereas the edge probability p is almost certainly 
not. 

Our first main result improves the main theorem of Frieze and Loh from [XT] top = lu £»+ 1 °g^g»+ L PL 
which is clearly optimal. Our proof technique is completely different, resulting in a shorter proof 
than the one given in [Ill- 

Theorem 1.1. Let e > 0, let c = (1 + e)?r and let p = lo g n + lc, giogn+Mi) _ Then a graph G ~ G c {n,p) 
w.h.p. contains a rainbow Hamilton cycle. 


Next, building upon an ingenious coupling idea of McDiarmid [18], we give a general statement 
regarding the problem of finding “nice” structures in randomly edge-colored random hypergraphs. 
Then, we exhibit its applications to derive interesting corollaries. Before doing so, let us introduce 
some useful notation. For an integer c, suppose that C := C(c, n, k) is a collection of edge-colored 
/c-uniform hypergraphs on the same vertex set [n], whose edge set is colored with colors from [c]. We 
say that C is l-rich if for any CgC and for any e G E(C) there are at least £ distinct ways to color 
e in order to obtain an element of C. For example, consider the case where k = 2 and c = n\ > n, 
and let C(c, n, k) be the set of all possible rainbow Hamilton cycles in K n . Note that for each C G C 
and for every e G E(C), there are ni — n + 1 ways to color e in order to obtain a rainbow Hamilton 
cycle. Therefore, C is (ni — n + l)-rich. Now, given a collection of edge-colored hypergraphs C, we 
define C to be the set of all hypergraphs obtained by taking C G C and deleting the colors from its 
edges. With this notation in hand we can state the following theorem: 

Theorem 1.2. Let p := p{n) G [0,1] and let £,c be positive integers for which q := % < 1. Let k be 
any positive integer and let C := C(c,n,k) be any £-rich set. Then, we have 


Pr 


H ~ T&fn^) contains some C G C 


< Pr 


H ~ H^(n, q) contains some C G C 


Next we present two interesting applications for Theorem 11.21 combining it with known results. 
First, we show that one can find a rainbow Hamilton cycles in a random hypergraph with an optimal 
(up to a multiplicative constant) edge density when working with the approximately optimal number 
of colors. Second, we present an application which is somewhat different in nature. We show that 
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one can find “many” edge-disjoint Hamilton cycles, each of which is rainbow in a random graph. 
Before stating it formally, we need the following definition. Let H be a /c-uniform hypergraph on 
n vertices. For 0 < i < k we define a Hamilton -Gcycle as a cyclic ordering of V(H) for which 
the edges consist of k consecutive vertices, and for each two consecutive edges e, and ej+i we have 
| e* D ej+il = £ (where we consider n + 1 = 1). It is easy to show that a Hamilton £-cycle contains 
precisely mg := edges and therefore we cannot expect to have one unless n is divisible by k — i. 
(Note that we can consider a perfect matching as a Hamilton 0-cycle.) 

The problem of finding the threshold for the existence of Hamilton ^-cycles in random hypergraphs 
has drawn a lot of attention in the last decade. Among the many known results, it is worth mentioning 
the one of Johansson, Kahn and Vu [T3], who showed that p = @(logn/n fc_1 ) is a threshold for the 
appearance of a Hamilton 0-cycle (that is, a perfect matching) in a typical H ~ H k (n,p), provided 
that n is divisible by k. In general, for every l < k, the threshold for the appearance of a Hamilton 
£-cycle in a typical H ~ H k {n,p) (assuming that n is divisible by k — l) is around p ~ (in some 
cases an extra log factor appears). For more details we refer the reader to [8] and its references. 

Now we are ready to state our next result: 


Theorem 1.3. Let 0 < l < k be two integers, and let p £ [0,1] be such that 


Pr 


H ~ H k (n,p) contains a Hamilton l-cycle = 1 — o(l). 


Then, for every e > 0, letting c = (1 + e)m^ and q = er ^ +1 we have 


Pr 


H ~ H k (n,q) contains a rainbow Hamilton i-cycle = 1 — o(l). 


Remark: Note that we allow to take e to be a function of n (or even 0) in the statement above. 
Moreover, if we take e to be a constant, then in particular we see that by losing a multiplicative 
constant in the threshold, a rainbow Hamilton £-cycle w.h.p. exists. This for example reproves and 
extends the first result obtained by Cooper and Frieze [7] in a very concise way. 

The second application is regarding the problem of finding many rainbow edge-disjoint Hamilton 
cycles in a typical G ~ Q(n,p). The analogous problem without the rainbow requirements is well 
studied and quite recently, completing a long sequence of papers, Knox, Kuhn and Osthus [IH]. 
Krivelevich and Samotij m and Kuhn and Osthus m solved this question for the entire range of 
p. Combining these results with Theorem 11.21 we can in particular obtain the following: 

Theorem 1.4. For every 0 < e < 1 there exists C := C(e) > 0 such that for every p > w(logn/n) 
and c = Cn the following holds: 


Pr [G ~ Q c (n,p)contains (1 — e)np/ 2 edge disjoint rainbow Hamilton cycles] = 1 — o(l). 


Notation. Our graph theoretic notation is quite standard and mainly follows that of [20]. For 
p £ [0,1] we let H k {n,p) denote the probability space of ^-uniform hypergraphs on vertex set [n], 
obtained by adding each possible fc-subset of [n] as an edge with probability p, independently at 
random. In the special case k = 2, we denote Q(n,p) := H 2 (n,p), the well studied binomial random 
graph model. For an integer c, we let H k (n,p) be the probability space of edge-colored fc-uniform 
hypergraphs on vertex set [n] obtained as follows. First, take H ~ H k (n,p ), and then, to each edge, 
assign a color from C := [c] uniformly, independently at random. As before, in the case k = 2 we 
write Q c {n,p) := H 2 {n,p). Given a subhypergraph H 1 of an edge-colored hypergraph H , we say that 
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H is rainbow if all its edges receive distinct colors. For a vertex v £ V(H) we denote by d c H (y) its 
color degree, that is, the number of distinct colors appearing on edges incident to v. For an edge 
e £ E(H), we let c(e) denote its color. Given a subset of vertices W C V(H) and a subset of colors 
Co C C, we let H[W]Cq ] denote the subhypergraph of H on a vertex set W for which e £ (^) D E(H) 
is an edge of H[W ; Co] if and only if c(e) £ Co- In case that G is a graph, given two disjoint subsets of 
vertices S, W C V(G) and a subset of colors Co C C, we let GfS, W ; Co] denote the bipartite subgraph 
of G with parts S and W, and edges sw £ E(G), where s £ S, w £ W and c(sw) £ Co- Moreover, 
for two disjoint subsets S, W C V(G) and an integer D, we say that G contains a D-nratching from 
S to W if there exists a rainbow subgraph M of G such that cIm(s,W) = D for every s € S and 
dhi(w) < 1 for every w £ W. 

We will frequently omit rounding signs for the sake of clarity of presentation. 


2 Tools 

In this section we introduce some tools and auxiliary results to be used in our proofs. 


2.1 Probabilistic tools 

We will routinely employ bounds on large deviations of random variables. We will mostly use 
the following well-known bound on the lower and the upper tails of the binomial distribution due to 
Chernoff (see [2], jT2]). 

Lemma 2.1 (Chernoff’s inequality). Let X ~ Bin(?r,p) and let fj, = E(X). Then 

• Pr[X < (1 — a)fi\ < e a for every a > 0; 

• Pr[X > (1 + a)fi] < e ~ a2 ^/ 3 for every 0 < a < 3/2. 

We also make use of the following approximation for the lower tail of a binomially distributed 
random variable. 

Lemma 2.2. Let < p < 2lo &— ; and let 0 < 6 < 1 be such that e~ l+5 < e -0 7 . Then 

Pr[Bin(n,p) < 5np\ < n~ 2 / 3 . 


Proof. Note that 


£—/ if\ . / g \ Snp 

Pr[Bin(n,p) < 5np\ = ^ ^ .JP 1 ( 1 — p) n ~ l < 5np \^-J e 


— (1 —5)np 


2—0 
< 5np 


I )- 1+i 


- np 


< 5npe~°' 7np 


c g-(2/3)logn = -2/3 


□ 


Before introducing the next tool to be used, we need the following definition. 
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Definition 2.3. Let (Aj)” =1 6e a collection of events in some probability space. A graph D on a 
vertex set [to] is called a dependency graph for ( Af)i if Ai is mutually independent of all the events 
{Aj : ij $ E(D)}. 

We make use of the following asymmetric version of the Lovasz Local Lemma (see, e.g. El). 

Lemma 2.4. (Asymmetric Local Lemma) Let (Aj)iL 1 be a sequence of events in some probability 
space. Suppose that D is a dependency graph for (Aj)j, and suppose that there are real numbers 
( x i)iLi such that for every i the following holds: 


Pr[Aj] < Xi (1 -Xj). 

ijGE(D) 


Then, Pr[f|" =1 Af > 0. 

2.2 Properties of Q c {n,p) 

Here we gather fairly standard typical properties of sparse binomial random graphs. Given a 
graph G = ( V. , E ) with vertex set V = [n] vertices, define the set of vertices SMALL C V by 

SMALL := {v € [n] : da(v) < <51ogra} , 

where 6 > 0 is a small enough absolute constant. 

Lemma 2.5. Let 0 < (3,e < 1 be absolute constants, let c = (1 + e)n, and let < p < 2l ° gn . 
Then, w.h.p. a graph G ~ G c (n,p) satisfies the following properties. 

(PI) A (G) < 10 log n. 

(P2) \SMALL\ < n 0A . 

(P 3) For every v G [n], d c G {v) > dc(v) — 2. 

(P4) Let Eq = {e G E(G) : e fl SMALL ^ 0}. Then all the elements of Eq are of distinct colors. 

(P5) No two vertices x,y € SAIALL (x and y might be the same) have a path of length at most 4 
with x,y as its endpoints in G. 

(P6) For every two disjoint subsets X and Y of size |X| = |H| = u ( (i og ^)i/ 2 ) > ^e number of colors 
appearing on the edges between X and Y is at least (1 + e — o(l))n. 

(P7) For every subset C C [cl of size Bn and for every subset X C \n] for which \X\ 2 p = oj(n) we 
have that §\X\ 2 p < e{G[X-C\) < /3\X\ 2 p. 

(P8) For every subset C C [c] of size f3n and for every two disjoint subsets X, Y C [n] such that 
\X\\Y\p = ui{n), we have that f |X||y|p < e(G[X, Y; C\) < /3|A'||y|p. 

(P9) For every s £ [c], the number of edges in G which are colored in s is at most 101og?r. 

(P10) For every subset X C [n], if |X| < — , then ea{X) < 8|X|. 
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/ \ 1/2 

(Pll) For every X C [n] of size |X| > log 4 n /3 n > /iave e G (X) < |X| 2 p (^J . 

Proof. For (PI), just note that given a vertex v £ [n], since d G (v) ~ Bin(n — 1 ,p), it follows that 


Pr[d G (v) > 10log n] < 
< 


n 

10 log n 
enp 

10 log n 


plO log n 
10 log n 


o(l/n). 


Therefore, by applying the union bound we obtain that w.h.p. A (G) < 10 log n. 

For (P2) note that by Lemma [2. 2 1 the expected number of such vertices is at most n 1 / 3 . Therefore, 
by applying Markov’s inequality, (P2) immediately follows. 

For (P3), aasume that d c G (v) < d G (v) — 3. In particular, this means that there are 2 disjoint 
pairs and {^ 2 , 2 / 2 } of neighbors of v such that for i = 1,2 both vxt and vyi have the same 

color. The probability of this to happen is upper bounded by (d G (v)) 4 c -2 = o(n^ 1 ). Therefore, by 
applying the union bound we obtain (P3). 

For (P4), note that by (P2) we have that \SMALL\ = o(n 0A9 ). Now, since A (D) < 10log n, it 
follows that |Pol = o(n 1//2 ). Therefore, 

Pr [3e, e' £ Eq with the same color] < 1 = o(l). 


For (P5), note that, given two vertices x,y, the probability that there exists a path of length at 
most 4 between them is upper bounded by p + np 2 + n 2 p 3 + n 3 p 4 < 1 ' — - . Now, since by (P2) 
we have \SMALL\ = o(n~°' 49 ), and since the events “v £ SMALL” are “almost independent”, by 
applying the union bound we can easily obtain that the probability for having two such vertices x, y 
in SMALL is o(l). 

For (P6), let X and Y be two disjoint subsets. Note that for a set C' C C of size t, the probability 
that none of the colors of C appears on E(X, Y ) is upper bounded by: 

(i_p +p( i_(/ c)) m< e ^ri/c. 


Therefore, if t = qn for some fixed constant 7 > 0, then by applying the union bound we obtain that 
the probability for having a subset C of colors of size yn, and two disjoint subsets X and Y of sizes 
|A| = |T| = x = j -^~~~y f° r which none of the edges in E(X,Y ) uses colors of C is at most 

(") (") ( (1 = 0 ( 1 ) ' 

For (P7) just note that the expectation of the number of such edges is (^) ■ p ■ = w(n), and 

therefore, by Chernoff’s inequality and the union bound over all choices of X and of C, we easily 
obtain the desired claim. 

For (P8), let X, Y C [n] be such subsets. Note that since C is of size f3n, the expected number 
of edges between X and Y which are assigned colors from C is yq^r|X||y|p = u(n). Therefore, the 
property follows easily from Chernoff’s inequality and the union bound. 
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For (P 9), s £ [c] be some color and let Y denote the random variable which counts the number 
of edges colored s in G. Clearly, Y rs j Bin (e(G) >TI ^). Now, it is easy to show that w.h.p. 
e(G) = (1 + o(l))( 2 ) 2 ? < (1 + o(l))nlogn < 2nlogn, and therefore, 


Pr [Y > 10 log n] < 


< 


/2n log n\ ( 1 \ 101osn 

\101ogny \(l + e)ny 


/ 2enlogn \ 101ogn 
V 10(1 + e)nlogn / 


o(l/n). 


Next, by applying the union bound we obtain the desired claim. 
We leave (P10) and (PH) as an exercise for the reader. 


□ 


2.3 Finding rainbow star matchings between appropriate sets 

In this subsection we describe the main technical lemma which will be used in the proof of Theorem 
11.11 Informally speaking, this lemma ensures the existence of rainbow star matchings between sets 
of appropriate sizes. 

Lemma 2.6. Let a,e > 0 be constants, let D be a fixed, integer, let c = (1 + s)n and let < p < 

2 - . Then, a graph G ~ Q c (n,p ) is w.h.p. such that the following holds. Suppose that 

(*) W C [n] of size (1 + o(l)) log £ gn ■ and 

( H ) S C [n] of size - < | S\ < and 

(Hi) C\ C C := [c] of size \C\ \ = an, and 

(iv) for every s £ S there are at least (i 0 g°p ” n )2 edges e = sw with w € W and c(e) £ C\. 

Then, there exists a rainbow D-matching from S to W, with all colors from C\. 

The main ingredient in the proof of Lemma l2.6l is the following powerful tool due to Aharoni and 
Haxell [I], generalizing Hall’s theorem to hypergraphs. 

Theorem 2.7. Let g and D be positive integers and let TL = {Pi, • • •, Tit} be a family of g-uniform 
hypergraphs on the same vertex set. If, for every I C [t], the hypergraph (j ieI TL contains a matching 
of size greater than Dg(\I\ — 1), then there exists a function f : [t] x [D] —> (J*=i E(TLi) such that 
f(i,j) £ E(TLi) for every i and j, and f(i,j) D f(i',j') = 0 for ( i,j) / (*',/). 

When applying Theorem [221 we will distinguish between few cases according to the size of I C [t]. 
The following lemmas will make our life a bit easier with it. 

Lemma 2.8. Let e > 0, let c = (1 + e)n, let D £ N and let < p < 21 ° sn . Then a graph 
G ~ Q c (n,p) is w.h.p. such that the following holds. For every collection of j < " 9 - vertex disjoint 

stars, each of size log 0 2 n, the number of colors appearing on their edges is at least 2 Dj. 

Proof. Let s := log 0 2 n. We show that the probability of having a collection of j < n stars, 
each of which of size s whose union contains at most 2 Dj colors is o(l). The following expression is 
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an upper bound for this probability: 


n 



Indeed, fix j < - and first choose j vertices to be the ’’centers” of the stars. For each of 

these vertices choose s neighbors and multiply by the probability of all these edge to appear. Next, 
choose a set of 2 Dj colors from c = (1 + e)n and multiply by the probability that all the edges of 
the stars are colored with these colors. This completes the proof of the lemma. □ 


The following lemma may look at the first glance a bit complicated to understand, but its role 
will become clear during the proof of Lemma 12.61 

Lemma 2.9. Let 0 < a < e < 1. let c = (1 + e)n, let D £ N and let < p < 21< ^ gn . Then a graph 
G ~ G c (n,p) is w.h.p. such that for every 

n c n < 2n 
W log 0 9 n ~ J ~ log 9 ' 4 n ’ 

(**) w ^ [n] of size \W\ = (1 + 0(1))^^^, and 
(Hi) C\ C C := [c] of size \C\\ = an, 

the following holds. The probability of having subsets X C [n] of size j, W' C W and C 2 C C\ of sizes 
at most 2 Dj such that for every edge xw £ Eq(X , W) we have c(xw) £ C 2 or w £ W' or c(xw) C\ 
is o(l). 


Proof. In order to prove the lemma, note that we can upper bound the probability by 


n\(\W\\f c\f\Ci\ 

\w\J viw"ly VN/ \|c 2 | 


log0.4 n 

[ i ~p+p 


logU.4 n 


<16 n y ( 1 ~P + 

■ _ n 

J logO-9 n 


■^-logU.an 

2 Dj 


N + ICKrhy 1 ^' 1 


\C\ 


P 


(1 + e)n 


log0.4 n 

< 16 n Y ex P ( ~ C dP 


^“log 


n 


log log n 


+ p(l — a/( 1 + e) + o(l)) 


-Dj =o(l). 


j\W\W'\ 


(C is some constant which depends on a). This completes the proof. □ 

The following lemma shows that in a typical random graph G ~ G(n,p), any bipartite subgraph 
B = (S U W, E') C G with all the vertices in S of “large” degree contains an s-matching from S to 
W, for an appropriate choice of parameters. 





















Lemma 2.10. Let < p < 2 logn . Then, a graph G ~ Q(n,p) is w.h.p. such that the following 
holds. Suppose that B = (S U W, E') is a bipartite (not necessarily induced) subgraph of G, with 

(®) \ s \ < and 

(®«) \ w \ = (! + 0(1)) ^ , and 

(Hi) d B (v) > (Io g °^ g n n) 2 for every v£S. 

Then there exists a log 0 2 n-matching from S to W. 

Proof. Let B = (S U W, E') be the subgraph of G as described above. In order to prove the lemma, 
we use the following version of Hall’s Theorem (see, e.g., m)- a bipartite graph B = (S U W, E ') 
contains an s-matching from S to W, if and only if the following holds: 


For every X C S we have |iVs(X)| > s|X|. 


( 1 ) 


Suppose that © fails for B with s = log 0 ' 2 n. Then, there exists a subset X C S for which 
\N B (X) U X\ < (s + 1)|X|. In particular, letting Y = N B (X) U X, by (in), we conclude that 


e B( y ) ^ 1^1 (s+liSogn)^ ^ 1^1 2(loglog ’ SillCe \ Y \ ^ ( S + ^\ X \ ^ aIld sillCe \Y\log 0 7 U > 

\Y\ 2 p (n/|T|) 1/2 for every |Yj < n/log°' 6 n, we obtain a contradiction to (P10) and (Pll). □ 


Now we are ready to prove Lemma 12.61 


Proof of Lemma \2.(k Let a < e, let D G N and let W, S C [n] and C\ C C as described in the 
assumptions of the lemma. For every s E S, we define a graph TL S with vertex set W U C\ in the 
following way. For every w £ W and x E C\, wx E E(H S ) if and only if sw E E(G) and c(sw) = x. 
Consider the family TL := {T~L S ■ s £ S}, and note that in order to prove the lemma, we need to show 
that there exists a function / : S x [D] —>• [J s( - S E(H S ) such that f(s,i) € E(TL S ) for every s and i, 
and f(s,i) D f(s',i') = 0 for (s,i) / ( s',i'). To this end, we make use of Theorem 12.71 All we need 
to show is that for every T C S, the graph Ucontains a matching of size greater than 
2D(\T\ — 1). We distinguish between two cases: 

Case 1: |T| < -—. Consider the bipartite graph B = ( TUW ., E'), where E’ := {tw : t E T,w E 

lOg TL - 

W and c(tw ) E Ci}. By applying Lemma 12.101 to B, we conclude that there exists an s-matching 
from T to W in B, where s = log 0 ' 2 n. Let M be such a matching, and note that by applying Lemma 
12.81 to M, it follows that the number of colors appearing in M is at least 2D\T\. Now, one can easily 
deduce that (J t&T E(Ht) contains a matching of size at least 2D\T\ > 2D(|T| — 1). 

Case 2: - < \T\ < 15*1. Let M be a matching in E(Tit) of maximum size, let C 2 := 

{x E C\ : E W s.t wx E M} and let W' := {w £ W : 3x £ C 2 s.t wx £ M}. Suppose that 

\M\ < 2D(|T| — 1) < 2D|T|. In particular, it means that for every v £ T and w £ W we have 
vw fz E(G ), or c(vw) £ C 2 , or w £ W', or c(vw) C \, which contradicts Lemma lT9l This completes 
the proof. □ 


2.4 Expansion properties of subgraphs of random graphs 

In the following lemma we show, that given an edge colored graph G , one can find two subsets of 
colors C U C 2 and a vertex subset W which inherits some desired properties from G. The statement 
of the lemma is adjusted so as to facilitate its application in the proof of Theorem ll.il 
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Lemma 2.11. Let 0 < a, 6, e < 1/2 be constants and let n be an integer. Let G be an edge colored 
graph on m > (1 — o(l))n vertices, and let C* be its set of colors, of size |C*| > (1 + e/2 )n. Suppose 
that <51ogn < 6(G) < A (G) < 10 log n, that each color appears at most 10 log n times in G, and that 
for each v G V(G), d G (v ) > da(v) — 2. Then one can find subsets Cq,C\ C C*, and W C V(G) 
satisfying the following properties: 

(0 |W'l = (l + °(l)) E5 fe i , and 

(ii) Cq and C\ are two disjoint subsets of sizes (1 + o(l))an, and 
(in) for every weW, d Co (w,W) G and 

(iv) for every v G V(G), d Cl (v,W) G ( 2 ffff w , logiogn )’ and 
(v) for every x G Co, x appears on at most edges in G[W]. 

Proof. Let Co, C\ C C* be two disjoint random subsets, obtained in the following way: for each element 
of C* toss a coin with probability 2a to decide whether it belongs to Co U Ci, then, with probability 
1/2 decide to which of these sets it belongs. All these choices are independent. Let IF C V(G) be a 
random subset of vertices, obtained by picking each v G V(G) with probability kiii independently 
at random. We wish to show that the obtained sets satisfy (i)-(v) with positive probability. In order 
to do so, we consider several types of events. First, let Aw denote the event “|W| ^ (l±o(l)) 

Second, for each i G {0,1}, let 6/ denote the event “|Cj| ^ (1 ± o(l))an”. Third, for each vertex 

v G V(G), let Ti(v) (i G {0,1}) denote the event u d Ci (v,W) ( 2 ^ogiogn ’ logiogn )”- Lastl y> for each 

x G C*, let B x be the event “more than edges in G[W] are colored x”. With this notation 

at hand, we wish to show that 


Pr 


A w n Ci n C -2 n 


n w 

a€{0,l},n€V(G) 



> 0 . 


First, define £ := {Aw, Ci, C 2 , Fj(i)), B x : v G V(G),i G {0,1}, x GC*}, and let us estimate the 
probabilities of each of the events X G £. By using Chernoff’s bounds we trivially get 


(a) Pr [Aw] = exp (—@(n/ logiogn)), 


(b) Pr [Cf = exp (—0(an)), and 

(c) Pr [Fj(u)] = exp (— Cade(v)/ logiogn), where C is an absolute constant which does not depend 
on a. 


For estimating Pr[B x ], note that since d c G (v) > da(v) — 2 for every v G V(G), it follows that 
each color class can be partitioned into at most four matchings, each of size at most 10 log n (the 
maximum number of edges with the same color in G). Fix such a partition (into matchings) for each 
color class x. It follows that if B x fails, then in at least one of the four matchings, at least ^giogn)^ 
edges have been chosen. Since in each matching these choices are independent, and since for a fixed 
edge e, the probability that e G IF is ( logl o gn ^ , it follows by Chernoff’s bounds that 

log n 

(d) Pr [B x ] < e 2 ('°8 lo s™) :2 . 
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Next, let us define a dependency graph D for £, where the edges of D are as follows: 


• All pairs AwX, where X G £. and 

• all pairs CiX , where i G {0,1} and iGf, and 

• all pairs r^i^r^n), where i ^ j and v = u, or v / u and Nq(v) (~l Nq(u) / 0, or if the same 
color c G C* appears on edges incident to both u and v, and 

• all pairs Ti(v)B x for which there exists an edge uw such that {it, w} H ({u} U Nq(v)) / 0 and 
c(uw ) = x, and 

• all pairs B x B y , for which there exist two edges e and /, of colors x and y, respectively, such 
that efl / / 0. 


Now, for some fixed constant cq > 1, define xw = ^/Pr [ A\y ], y* = \/Pt [Cj\ (where i G {0,1}), 
Xi, v = CoPr [Pj(u)] (where i G {0,1} and v G V(G)), and z x = y^Pr {BJ for x G C*. Note that 

Pr [A w ] = exp (—0(n/ log logn)) < x w fj(l - x iiV ), 

i,v 

and 

Pr [Ci] = exp (-©(an)) < J^[(l - x ijV ), 

i,v 

and 

Pr [r*(u)] = exp {-Cad G (v)/ log logn) < c 0 x itV JJ (l-x jtU ) JJ (1 - z x ), 

j,u:Fj(u)ri(v)£E(D) x£Nq(v) 

and 

Pr [B x \<z x JJ (1 -x itV ) JJ (1 -z y ). 

x£N^(v),i y:B x B y £E(D) 

(The last two inequalities hold because the corresponding “degrees of dependencies” are some 
polylog(n )). All in all, one can apply the Asymmetric Local Lemma ('Lemma 12.41) and obtain the 
desired claim. □ 

Now, let < p < 2 1 ° g - , let c = (1 + e)n, and let G ~ Q c (n,p). We show that w.h.p. G is such 
that every (not necessarily induced) subgraph G\ C G on (1 + o(l))n/log logn vertices with some 
degree constraints is also a very good expander. 

Lemma 2.12. Let a,5,e > 0, let < p < 2 1( ) t g n , and let c = (1 + e)n. Then a graph G ~ Q c (n,p) 
is w.h.p. such that the following properties hold. Suppose that 

(z) W C [n] is of size (1 + o(l))n/log logn, and 

(ii) Co C C is of size (1 + o(l))an. 

Then H := G\W]Cq\ satisfies: 

(a) For every subset X C W, if |X[ < log I/ 3 ~ > then eu{X) < 8|X|, and 


11 








/ \ 1/2 

( b ) /or ererj/ A" C W of size }y 3 - < |A”| < \W\, we have eu(X) < |A| 2 p , and 

(c) for every X C W, if |A| > n/log 0A n, then eu(X) < a\X\ 2 p, and 

(d) for every two subsets X, Y C W satisfying |A'||Y’|p = ui(n), we have en(X,Y) > ^|A||y|p. 

Proof. All these properties follow from the properties in Lemma 12.51 and similar arguments, hence 
are left as an exercise for the reader. □ 

Let us define the following useful notion of a (k, (i)-expander. 

Definition 2.13. A graph G is called a (k, d)-expander if for every subset X C V(G) of size at most 
k we have 

\N G (X)\X\>d\X\. 

The following lemma is almost identical to Lemma 2.4 in [15] (although with few minor modifi¬ 
cations). For the convenience of the reader, we briefly sketch the proof. 

Lemma 2.14. Let 0 < e, 5 < 1 and let a < 5e~ 100 be constants. Let < p < 2 logn and let 
c = (1 + e)n. Then there exists do G N such that for every d > do, a graph G ~ Q c [n,p) is w.h.p. 
such that the following holds. Suppose that W C [n] is of size (1 + o(l))n/ log log n, Co C C of size 
(1 + o(l))an and H := G[W]C 0 ] is a subgraph of G satisfying 2 ^g°o g n n < 6(H) < A (H) < 
and properties (a)-(d) of Lemma \2.12\ Moreover, assume that no color from Co appears in H more 
than times. Then, there exists a subgraph R C H satisfying the following: 

(a) R is rainbow, and 

(b) R is a (k, 100) -expander (where k = a6\W\/lf)f)), and 

(c) \E(R)\<d\W\. 

Proof. (Lemma 2.4 in [IS].) Let d be a large enough integer. Condition on G satisfying all the 
properties of Lemma 12.51 Now, for every w € W, let w choose d random edges of H incident with 
w (with repetitions), and let T(u;) be the set of the edges chosen by w. Let R be the graph whose 
edge set is U U) gw / ^( u ')- We wish to show that R satisfies (a) — (c) with positive probability. 

We consider few types of events. First, the events regarding the rainbow part. For every two 
edges ei, e 2 of the same color, let us denote by A(e 1 , e 2 ) the event “both ei and e 2 are in R v (in case 
e i 7 ^ 62 )) and “ei is chosen in more than one trial” (in case ei = e?). Define 

A := {A(e 1 , e 2 ) : e\ and e 2 have the same color} . 

Second, we consider the events ensuring the expansion of sets. For a set X C W, let B(X) denote 
the event that en(X) > ^j-|A|, and for every - < x < k, let 

B x = {B(X) : \X\ = 101x}. 

Clearly, if none of the events in A happens, then (o) and (c) hold. Now, assume in addition that 
none of the events B x happens, and we wish to show that ( b ) holds. Let X C V(H) be a subset 
of size at most k, and we wish to show that | Njj(X) \ X\ > 100|A|. Assume otherwise, we obtain 
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a subset X for which \X U Nh(X)\ < 101|X[. Since none of the events in A holds, it follows that 
| Eh(X U N h (X ))I > d\X\ > d\X U N h (X) |/101. Now, if \X U N H (X)\ < ^ 373 ^, then for a large 
enough d it contradicts (a) of Lemma [2. 121 If -—< \X U Njj(X)\ < 101 k, then it contradicts the 
event B(X U N H (X)). 

It thus suffices to show that with positive probability none of these events occurs. To this end 
we make use of the Local Lemma. We estimate the probabilities of each event above, define a 
dependency graph D and estimate its degrees. 

The family A: For a fixed pair ei,e 2 £ E(G) of the same color we have 


Pr [A(ei,e 2 )\ < 


( 4 d log log n 




\ aS log n 


2 


Define x = Co ( ^J'fogn' 1 ) for some constant Co > 1. For the “degree of dependency” within A, 
note that -A(ei,e 2 ) depends on A(f\ , f' 2 ) if and only if e± U e 2 intersects fi U Now, recall that 
A (H) < /°g n ) an d that each color class contains at most (iog°iog S J )2 edges. Therefore, the number 

of events in A which are neighbors of -A(ei, e 2 ) in the dependency graph is at most 4A (H) A 

8000a log 2 n 

(log log n) a 

The family Bt : For a fixed set X of size lOlt, similarly to m, one can show that 


Pr[5(A)] < 


ch{X) 

dt 


■(2d) 


dt 


2 log log n 
a5 log n 


dt 


where for t < n/(101 log 0 ' 4 n), by assumption ( b ) of Lemma 12.121 we have eu(X) < 101 2 t 2 p (^t ) 1 ^, 
and therefore, 


\ V 2 

Pr [B(X)] < I 10 y ( — ) loglog n/aS 


dt 


n ) 

For t < n/(1011og°' 4 n), define yt = ^10 9 e log log n 

ately large d we have 

n/ log 0,4 n 

\B t \-y t = o(l). 

t=n/{ log 4 / 3 n) 


dt /2 


and note that for an appropri- 


Now, for n/(101 log 0 ' 4 n) < t < k, we use (c) of Lemma 12.121 and obtain 


Pr (B(X)]<( 


( 10 9 tlog logn 


dt 


\ 5n 

Dehne yt = e Clt ^ 4et 1 fa logn ^ for some constant C\ > 0 and note that for appropriate choices of 
5, d and C\ we obtain 


k a5n/ log logn , . / , , , , \ dt 

e wi-»- e "101 t ° gn y.* =0(1) . 

t=n/( 101 log 0,4 n) t=n/{ 101 log 0 4 n) 
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To compute the “degree of dependency” with members of A in D, note that B(X) is correlated 
with an event A(ei,e 2 ) if (ei U e?) fl X 7 ^ 0. Therefore, since the maximum degree of H is at 
most and since each color appears at most ^o^iognp times, the number of events -A(ei,e 2 ) 

correlated with B(X) is upper bounded by 


1*1 


20 a log n 100 log n 


= 1*1 


2000 a log 2 n 


log log n (log log n ) 2 (log log n ) 3 

In order to apply the Asymmetric Local Lemma (Lemma I2.4|l we need to show that the following 
inequalities hold. 


8000a! log 

Pr [A(ei, e 2 )] < x ■ (1 — x ) ( 1 °s 1 °g") a 


I y| 2000a: log z n 


Pr [_B(X)] < yt ■ (1 — x) (log log n> 


For the first inequality, note that since x = cq ( 4 ' d c?slogn* 1 


if - s/.) 1 ®* 1 !. 

,2 

) , it follows that 


8000a log^ n ( \ / Ar] lncr lncr n \ 2 n„ ( 4d lo g log nA 8000a log^ n 

x-(l-x) Oogiogn)^ / JJ(1 _y t )|Bt| j > Cq ^ 4dl Qg lo gn j e 2ca( a(51ogn J (loglogn)3 e -2J2 t \Bt\yt 


= (i + o(l))co 
> Pr [A(ei, e 2 )]. 


4 d log log n 
a5 log n 


(we used the facts that ^ \Bt\ ■ yt = o(l) and that for small values of x we have 1 — x > e 2x ). 
The second inequality is even easier to verify and is left as an exercise for the reader. □ 


2.5 Finding a long rainbow path 

In this section we state the following lemma, which follows almost identically from the proof of 
Lemma 4.4 in [4j. Before doing so, we introduce the following definition: 

Definition 2.15. A graph G on n vertices whose set of edges is colored is called £:-rainbow-pseudorandom, 
if for every two disjoint subsets of vertices A, B C V(G) of size |A| = |£?| = k, the number of colors 
appearing on the edges of G between A and B is at least n. 

In the following lemma we show that a graph G ~ Q c (n,p) is £;-rainbow-pseudorandom in a 
“robust” way. 

Lemma 2.16. Let 0 < a < e < 1 be two constants, let c = (1 + e)n and let < p < 21( ( t gn . 
Then a graph G ~ Q c {n,p) is w.h.p. such that the following holds. For every subset C* C [c] of size 
\C*\ > (1 + a)n, the graph G[[n];C*] is k-rainbow-pseudorandom for k = 0(411 - ■ 

Proof. Follows immediately from Property (P6) of Lemma 12.51 □ 

Now we state a modification of Lemma 4.4 from [4j. 
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Lemma 2.17. Let G be an edge-colored graph on n vertices which is k-pseudorandom. Then G 
contains a rainbow path of length at least n — 2k + 1. 

Proof. The proof is more or less identical to the proof of Lemma 4.4 in [4] with some minor changes 
which are left to the reader. □ 

2.6 Expander graphs 

Here we show that the union of few expander graphs yields an expander graph as well. 

First, we show that given an expander graph, by adding vertex disjoint stars to it one cannot 
harm the expansion properties too much. 

Lemma 2.18. Let G be a graph, let m > 1, and let k be a positive integer. Let S C V{G) be a 
subset of vertices for which there exists an m-matching from S to V(G) \ S. If G[V(G) \ S'] is a 
(k,m)-expander, then G is a ( k , (m — 1)/2) -expander. 

Proof. Let X C V(G) of size |A| < k, and we wish to show that \Ng{X) \ X\ > ^4p-\X\. Let us 
distinguish between the following two cases: 

Case I: \X n S\ < \X |/2. In this case, since G\V ( G) \S’] is a (k , m), it follows that X\S expands 
by a factor of c and therefore \Nq(X) \X\ > ( m ~hl A 'l _ 

Case II: \X n S\ > |A|/2. In this case, since there exists an m-matching from S to V{G) \ S, 
hence \N G (X) \X\> \N G (X n S) n (V(G) \ 5)| - \X \ S\ > m\X n 5| - ^ > (m ~ 2 1)|X| . □ 

The following simple lemma is from [5] (Claim 2.8). 

Lemma 2.19. Let G be a graph, let m > 0, and let k be a positive integer. Let U C V(G) be a 
subset for which da(u) > m — 1 for every u £ U, and, moreover, there is no path of length at most 
4 in G whose (possibly identical) endpoints lie in U. If G[V(G) \ U] is a (k,m)-expander, then G is 
a ( k,m — l)-expander. 

2.7 Boosters 

In the proof of Theorem 11.11 we need to find a Hamilton path between two designated vertices 
x' and y' in a sparse expander subgraph G\ of a typical G ~ Q c {n,p). Moreover, we need such a 
Hamilton path to be rainbow within a prescribed subset of colors. In this section we show how to 
achieve such a goal. 

A routine way to turn a non-Hamiltonian expander graph G\ into a Hamiltonian graph is by 
using boosters. A booster is a non-edge e of G\ such that the addition of e to G\ decreases the 
number of connected components of G\ , or creates a path which is longer than a longest path of G\ , 
or turns G\ into a Hamiltonian graph. In order to turn G\ into a Hamiltonian graph, we start by 
adding a booster e of G\. If the new graph G\ U {e} is not Hamiltonian then one can continue by 
adding a booster of the new graph. Note that after at most 2|E(Gi)| successive steps the process 
must terminate and we end up with a Hamiltonian graph. The main point using this method is that 
it is well-known (for example, see [T9] ) that a non-Hamiltonian graph G\ with “good” expansion 
properties has many boosters. However, our goal is a bit different. We wish to turn G\ into a graph 
that contains a rainbow Hamilton path with x' and y' as its endpoints. In order to do so, we add 
one (possibly) fake edge x'y' to G\, color it with a new color (which does not belong to C) and try 
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to find a rainbow Hamilton cycle that contains the edge x'y'. Then, the path obtained by deleting 
this edge from the Hamilton cycle will be the desired path. For that we need to define the notion of 
e-boosters. 

Given a graph G\ and a pair e € (' consider a path P of G\ U {e} of maximal length which 

contains e as an edge. A non-edge e! of G\ is called an e-booster if G\ U {e, e'} has fewer connected 
components than G\ U {e} has, or contains a path P' which passes through e and which is longer 
than P, or that G\ U {e, e!} contains a Hamilton cycle that uses e. The following lemma is from [9] 
and shows that every connected and non-Hamiltonian graph G\ with “good” expansion properties 
has many e-boosters for every possible e. 

Lemma 2.20. Let G\ be a connected graph for which |AT(j 1 (A") \ X\ > 2|A| + 2 holds for every subset 
X C V{G\) of size |A"| < k. Then, for every pair e € such that G\ U {e} does not contain a 

Hamilton cycle which uses the edge e, the number of e-boosters for G\ is at least ( k + l) 2 /2. 

Remark 2.21. The proof of Lemma \2.2(A can be easily modified (in fact, the same proof holds) for 
the following case. G\ is a graph obtained by adding not too many (say, at most polylogn/ vertices 
of degree 2, any two of them are far apart (say, of distance at least 3), to a (k, 3) expander, and e is 
not incident with any of these vertices. 

As another remark, note that for a (k, 2) -expander, we trivially have that each connected com¬ 
ponent is of size larger than k, and therefore, if the graph is not connected, then there are at least 
(k + l) 2 boosters which decrease the number of connected components. 


Note that in order to turn a rainbow graph G\ into a graph that contains a rainbow Hamiltonian 
cycle passing through e, one should repeatedly add e-boosters, one by one, every time adding a 
booster with an unused color, at most 2|F(G'i)| times. Therefore, we wish to show that a graph 
G ~ G c (n,p) typically contains “many” e-boosters of “many” colors for every sparse expander 
subgraph G\ and every pair e € 

Lemma 2.22. Let 0 < e < l,/3 > 0, let c = (1 + e)n and let < p < 2 ^ n . Then a graph 
G ~ Q c (n,p) is w.h.p. such that the following holds. Suppose that 

(i) G\ C G is any subgraph with lou -|/ g n < |H(Gi)| < log 2 / u , n and \E(G\)\ = ©(^/loglogn) which 
is an (fd\V(G\)\, 2)-expander, and 

(ii) e € ( V ^) is any pair which is not incident with vertices of degree 2 in G\, and 
(Hi) C 2 C [c] is a subset of size at least en/100, 


then, G contains e-boosters for G\ assigned with colors from € 2 - 

Proof. Note first that by Remark [2721] after Lemma l2.20l there are at least j3 2 \V(G\)\ 2 /2 > ^(logiogn) 2 
e-boosters for every such G\. Fix a subset C 2 C [c] of size at least en/100, and observe that the 
probability of E(G ) not to contain any e-booster which is assigned with a color from C 2 is at most 


/3 z n z 


1 + 0.99en\ 2 (iogiogr 

l-p + p . , — 

(1 + e)n ) 




< (1 — p ) 300(log log n)^ < g X p 


e/3 2 nlogn \ 
300(log log n) 2 ) 


Now, taking the union bound over all subsets V(G\) C [?r] of size lou ,™ n < |F(Gi)| < log 2 / u , n 
and over all subgraph G\ of G on vertex set V(G\) with at most lo / 1( / u - many edges (where C is 
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some fixed constant), and over all subsets of colors C 2 C [c] of size at least enf 5 we obtain that the 
probability of having a counterexample is upper bounded by 


2 n / log log n 

E 21 

t=n/ log logn 




< 


2 n 


log log n 
< 8 n exp [C 


_2(l+e) n 2 n ( en P 


2 n 


\ C log log n 

. enp 
log 


E/3 2 n log n 
300(log logn) 2 

2 Cn/ log log n 

exp 


e/3 2 nlogn 
300(log logn) 2 


log log n C log log n 


exp 


e/3 2 n log n 
300(log logn) 2 


= o(l). 


This completes the proof. 


□ 


3 Proof of Theorem 11.11 

In this section we prove Theorem ll.il 

Proof. Let G ~ Q c (n,p), and let 6 > 0 be a sufficiently small constant (to be specified later). 
Throughout the proof we assume that G satisfies all the properties of the lemmas from the previous 
section. 

Our proof strategy goes as follows. For each vertex v £ SMALL let us arbitrarily choose a set 
A(v) = {x,y} of exactly two distinct neighbors of v and set Vb = SMALL A (U ueSMALL A( v )), and 
Eq = {vz : v £ SMALL and z £ H(u)}. By (P4) and (P5) of Lemma [2. 5 1 we have that all the H(u)’s 
are disjoint and that Eq is rainbow. Let C sma u ■= {c(e) : e £ Eq} denote the set of colors used in Eq, 
and let C* := C \ C sma ii be its complement. Observe that by (P2 ) of Lemma 12.51 for a small enough 
6 we have \C*\ > (1 + e/2)n. 

Now, note that by (P5) of Lemma 12.51 it easily follows that 5{G\V \ Vo]) > <5logn. Therefore, 
letting a = min{e/5, <5e —10 }, by applying Lemma f2. Ill to G[V \ Vo] we find subsets W C [n] \ Vo and 
Co, Ci C C* for which 

(*) 1^1 = ( 1 + °( 1 ))lHiTHiF’ and 

(ii) Co n Ci = 0, and 

(in) |Co|, |Ci| = (1 + o(l))an, and 

(iv) for every v £ [n] \ SMALL we have d Cl (v, W) £ ( 2 ‘g g 1 ^ g n n , and 

(v) the subgraph H := G[W;Cq] satisfies all the properties of Lemma f2.121 

In order to find the desired rainbow Hamilton cycle we proceed as follows. First, find a rainbow 
path P of length n — n/log°' 4 ?r in [n] \ (Vo U W) whose edges receive colors from C* \ (Cq U Ci). 
The existence of such a path is ensured by Lemmas 12.161 and 12.171 Second, let x, y denote P’s 
endpoints, define S = ([n] \ ( SMALL U V(P) U W)) U {x, y} be the set of “unused” vertices, and 
consider the bipartite graph B := G[S,W]Ci}. Lemma 12.61 ensures that B contains (say) a rainbow 
9-matching M from S to W. Let x' and y' be two neighbors (in M) of x and y, respectively, and 
define M' := M \{e £ M : e n {x, y} / 0}. 
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Next, by applying Lemma f2.141 to G[W;Co], we find a subgraph R C G[W]Co\ which satisfies the 
following: 

(a) R is rainbow, and 

(b) R is an (ad|VF|/100,100)-expander, and 

(c) | E(R)\ = 0(n/loglogn). 

Now, let us define G\ to be the subgraph of G on vertex set V\ := [n] \ V(P), with edge set 
M' U Eq U E(R). Note that since R is an (c«)|IF|/100,100)-expander, and since for S' := S \ {x , y}, 
there exists a 9-matching from S' to W, it follows by Lemma [2. 181 that adding S' and M' to R yields 
an (a<5|iy 1/100,4)-expander. Now, since by (P 5) we have that vertices in SMALL are far apart, 
by Lemma 12.191 it follows that G\ is an (a8\V\ |/200, 2)-expander with 0(n/ log log n) edges, and is 
clearly rainbow. Finally, we wish to turn G\ (in G) into a graph which contains a rainbow Hamilton 
path with x' and y' as its endpoints. Note that both x' and y' are not neighbors of vertices of degree 
2 in G\. Now, one can repeatedly apply Lemma [2.221 to G\ with respect to the set of available colors 
to obtain a rainbow Hamilton path of G± connecting x' to y' which uses only colors not appearing 
on P.(Each time we add a booster e whose color c(e) £ C* \ (Co U C\) has not been used before we 
update the set of available colors by excluding c(e). Since \W\ = o(n), along the process we still have 
a linear number of colors available, and thus Lemma [2.221 applies ..) A moment’s thought now reveals 
that such a path, together with P and the edges xx' and yy', yields a rainbow Hamilton cycle in G. 
This completes the proof. □ 

4 Proof of Theorem 11.2 

In this section we prove Theorem 11.21 

Proof. Let us define the following sequence To,Ti,...,rjv of random edge-colored fc-uniform hyper¬ 
graphs, where N = (^), in the following way: Let ei,...,ejv be an arbitrary enumeration of all 
the elements of (^). Now, in Tj, for every j > i we add the corresponding edge with probability 
p, independently at random and assign it all the colors in [c] (these edges can be seen as multiple 
edges with multiplicity c). For every j < i, we add e 3 to Tj with probability q, independently at 
random and then assign it a unique color from [c] uniformly, independently at random. Note that 
To ~ R k (n,p) while ~ 'H k (n 1 q). Therefore, in order to complete the proof it is enough to show 
that 


Pr [r* contains some C £ C] > Pr [Tj_i contains some C £ C\ . 

To this end, expose all edges but e* and its color(s) in both spaces. There are three possible 
scenarios: 

(a) Ti_i contains some C £ C not using e*, or 

(i b ) Tj_i does not contain any member C £ C even if we add e* with all the possible colors, or 

(c) T,;_i contains a member of C if we add e* with all the possible colors. 
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Note that in (a) and ( b ) there is nothing to prove. Therefore, it is enough to consider case (c). 
The crucial observation here is that if e* is needed for finding a copy of some C E C, then since C 
is £-rich, it follows that at least i colors are valid for e* in order to obtain such a copy. Now, the 
probability for Tj_i to contain a member of C is precisely p (recall that e* is crucial for this aim and 
that we add e* with all possible colors), where the probability for Tj to have such a copy is at least 
ql/c = p. This completes the proof. □ 


5 Applications of Theorem 11.2 


In this section we show how to use Theorem PI in order to derive Theorems P and P For 
Theorem P we prove a stronger statement from which the proof immediately follows. 

Theorem 5.1. Let S be any k-uniform hypergraph on n vertices with m edges, and let p be such 
that 


Pr 


H ~ 7~L k (n,p) contains a copy of S = 1 — o(l). 


Then, for every e > 0, letting c = (1 + e)m and q = ^ +l , if q < 1 then we have 


Pr 


H ~ TL k (n , q) contains a rainbow S 


l-o(l). 


Proof. Let C be the set of all possible rainbow copies of S on n vertices with colors from [c], where 
c = (l + e)m. Note that for any e E E(C), C — e has exactly m — 1 edges and since there are (l + e)m 
colors, it follows that there are em + 1 ways to color e to obtain a rainbow copy of S. All in all, C is 
(em + l)-rich, and therefore by applying Theorem 11.21 to C we obtain the desired claim. □ 

Now we prove Theorem l 1.41 which informally speaking states that for c = ui(n) and p = a;(log n/n), 
in a typical G ~ G c (n,p) one can find (1 — o(l))np/2 edge-disjoint Hamilton cycles, each of which is 
rainbow. 


Proof. First, observe that for example by the main results of mm, it follows in particular that 
for p = u (log n/n) we have 

Pr [G ~ G(n,p) contains (1 — o(l))np/2 edge-disjoint Hamilton cycles] = 1 — o(l). 

Now, let C be such that ^ c ^ n+l < 1 + e/2 and let c = Cn. Let us define C to be the family of all 
collections C of (1 — e/2)np/2 edge-disjoint Hamilton cycles, each of which is rainbow. Note that 
for every C E C and every e E E(C ), since e belongs to a given rainbow Hamilton cycle, there are at 
most n — 1 colors which are forbidden for it. Therefore, there are Cn — (n — 1) = (C — 1 )n + 1 ways 
to color e in order to obtain an element of C and we conclude that C is ((C — 1 )n + l)-rich. Now, by 
applying Theorem 11.21 for q = we obtain 

Pr [G ~ G c ( n i q) contains (1 — o(l))np/2 edge-disjoint rainbow Hamilton cycles] = 1 — o(l). 

All in all, since q < (1 + e/2 )p we obtain that (1 — o(l))np > > (1 — e)nq as desired. □ 
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